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Multiple Jets Exhausting into a Crossflow

H. ZirerLEr* AND P. T. WoOOLER}
Northrop Corporation, Aircraft Division, Hawthorne, Calif.

An analytical model for the flow of a jet exhausting normally into a crossflow has been
generalized. The continuity and momentum equations are solved for the jet path and then
the velocity field induced by the jet is evaluated by replacing the jet with a sink-doublet
singularity distribution, accounting for the entrainment of mainstream fluid and the block-
age effect of the jet. For a multiple jet coﬁﬁguration, the influence of an upstream jeton a
downstream jet is represented by a reduced mainstream velocity in the equations of motion.
Continuity and momentum considerations yield initial conditions for resultant jets after
intersection. Good agreement between theory and available experimental data on jet center-
lines and surface pressure distributions is obtained.

Nomenclature

jet cross-sectional area

circumference of jet cross section

crossflow drag coeflicient of jet

pressure coefficient

length of major axis in elliptical representation of
jet cross section

entrainment coefficients

induced force

area of plate or finite wing

jet exhaust area

static thrust of jet

mainstream speed

jet speed

unit jet exhaust vector

induced velocity components in X, YV, Z directions

coordinate system defined in Fig. 5a

coordinate system defined in Fig. 5b

coordinates of jet exit in X, Y, Z coordinate system

coordinates of typical control point in X, ¥, Z
coordinate system

mainstream flow direction cosines

lift increment due to jet operation, AL = F; + T

angle included between mainstream direction vector
and jet exhaust vector

angle defined in Fig. 1

jet exhaust angles defined in Fig. 5a
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0 = conditions at the jet exit
D = conditions at a control point
Superscripts

* = nondimensional value

Introduction

ECENTLY a number of configurations using lifting jets

or fans have been considered which would provide an air-
craft with V/STOL capability. An important consideration
in a successful V/STOL design is the aerodynamic behavior of
the aircraft. It is now well-known that during the transition
phase, when the aircraft is not yet fully supported by the
aerodynamic forces on the wing, as in conventional flight,
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there is a significant interference between the lifting jet ef-
flux and the mainstream flow. This interference has a signif-
icant effect on the aerodynamics of the aircraft so that the
performance, stability and control requirements of the air-
craft are also affected. Consequently, in recent years there
has been a considerable amount of research activity, aimed at
clarifying these aerodynamic interference effects and de-
veloping methods for estimating the aerodynamic characteris-
ties of lift jet and lift fan aircraft.

The first analytical approach to the problem of a jet ex-
hausting into a crossflow was a purely potential flow model?
which has recently been developed further.2~¢ This approach
gives a good description of the jet cross section but caleulations
of the jet-induced flow do not correlate at all well with test
data.? Another analytical approach assumes that the jet de-
flection is due to entrainment of crossflow fluid.> The en-
trainment of mainstream fluid is assumed to be due to two
processes. The first is the usual entrainment process, ob-
served in ordinary jets, arising from the presence of a mean
velocity difference between the jet and the fluid into which it
exhausts. The second mechanism results from the presence of
the vortex pair into which the jet in a crossflow eventually de-
generates. By allowing the entrainment coefficients to vary
with velocity ratio and jet deflection angle, good correlation
with test data was possible. However, the changes in the
entrainment coefficients, which appear necessary to obtain
this correlation, imply that the coefficients are not invariant
and seem to preclude a generalization of this method.

A further approach assumed that the deflection of the jet is
due to both entrainment of mainstream fluid into the jet and
pressure forces on the boundary of the jet.! The continuity
and momentum equations were integrated for the jet develop-
ment, with values of the entrainment coefficients chosen to
obtain correlation with test data. It was found that values of
these coefficients could be determined which were invariant
with change in velocity ratio. This method, as presented, was
restricted to single jets exhausting normally into a crossflow
out of the influence of ground effect. 1t is the purpose of this
paper to extend this method to include the capability of cal-
culations for multiple jets exhausting into an arbitrarily
directed mainstream.

Single Jet Computations
Jet Model

The jet model assumes that the flow is incompressible and
neglects viscous effects other than the entrainment caused by
this mechanism. The entrainment of mainstream fluid into
the jet and the pressure forces on the jet boundary govern the
equations of motion, which can be written using the coordi-
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nate system defined in Fig. 1: W27/ 777
continuity

p(d/ds)(4,;U;) = E M v

e
momentum
p(d/ds)(A;U;?) = EU sind (2)
force
pA;U%/R = EU cosf + CpipU? cos?6d 3) T GECTION AA

= pAUX"/IL + (X')2)s
where the entrainment of mainstream fluid into unit length of @ @
the jet may be written petont -

= pF\Ud cosf + pEs(U; — U sin)C/1 +
EsU COSG/ Uj (4:)

A functional relationship between the cross-sectional area
of the jet and the jet growth is established, based on experi-
mental observations of the jet development As shown in
Fig. 1, an ellipse with a ratio of minor to major axis of % is
chosen to represent the kidney-shaped cross-sectional area 1nto
which a jet of initial circular cross section deforms according
to experimental observations.” Experimental data further
indicates that in the development region, in which the jet
changes from a circular to an assumed elliptic cross section,
the ratio of minor to major axis decreases linearly with dis-
tance from the jet orifice.®

After substitution of these geometric relationships into the
equations of motion, a set of differential equations for U;*,
d*, X* is obtained in terms of Z*, the entrainment parameters
and the crossflow drag coefficient. U*, d*, X* are the mean
jet velocity, jet diameter and the X-coordinate of the jet
centerline in nondimensionalized forms.

Initial conditions at the jet exit are given as Z* = 0,
X*=0,U;*=1,d* = 1land dX*/dZ* = 0. The equations
of motion can now be integrated, with the entrainment co-
efficients and the crossflow drag coefficient chosen to obtain
good correlation between the computed jet centerlines and
test data.”.?

The jet-induced velocity field is obtained by replacing the
jet by a sink-doublet singularity distribution. A distribution
of uniform sinks along the axis normal to the oncoming main-
stream accounts for the entrainment of mainstream fluid into
the jet. The blockage effect of the jet is represented by a dis-
crete doublet distribution on the centerline of the jet. From
these sink and doublet distributions the jet-induced velocity
components at a given control point can then be evaluated.

Integration of the Equations of Motion

The numerical integration of the equations of motion de-
termining the growth and geometry of the jet was, in the
original approach, performed by using a Taylor series expan-
sion method. This integration procedure generated discernible
differences in computed answers as a function of the integra-
tion step size. In an effort to reduce this variation of com-
puted answers with integration step size, the system of first-
order equations is now solved by means of a fourth-order
Adams predictor/corrector method with a Runge-Kutta
starting solution. For the integration intervals of Table 1
(utilizing an optimization capability to control integration
step size within each interval), variation of the computed

Table 1 Effect of integration interval

. Interval U;* a* X*
0.2 0.302228 7.10419 4.29711
0.1 0.302214 7.10417 4.29728
0.05 0.302186 7.10382 4.29764

Fig. 1 Schematic of jet exhausting into crossflow.

variables U;*, d* and X* (all evaluated at Z* = 10) is seen to
be negligible.

Figure 2 shows the differences in computed jet centerlines
due to the change in integration procedure, for jets exhausting
normally into a crossflow at various velocity ratios, and pro-
vides a comparison with experimentally determined center-
lines. The jet centerlines computed by using the predictor/
corrector integration procedure are seen to exhibit a closer
agreement with the test data.

The change in the numerical integration procedure also
improved the correlation between computed pressures around
an exhausting jet and experimental data. Figures 3 and 4
show the flat plate pressure distributions around a normally
exhausting jet for velocity ratios of 8.0 and 11.3, respectively.
Very good agreement between theory and experiment is evi-
dent for the velocity ratio of 11.3. The experimental data for
the velocity ratio of 8.0 indicates that the theoretical results
lie within experimental differences.10.11

Arbitrarily Directed Jet -

Although the equations of motion for the jet model of Ref. 6
were written for jets exhausting normally into crossflows, they
are valid for any jet in a local coordinate system, oriented
with the X axis in the direction of the mainstream flow and
the X7 plane defined by the mainstream flow vector and the
jet exhaust vector. The direction of the mainstream, the
location of the center as well as the initial direction of the ex-
hausting jet, and the position of the points at which the in-
duced velocity components are to be evaluated may be ar-
bitrarily specified in a general, fixed coordinate system shown
in Fig. 5a.

A local coordinate system centered at X;, Y;, Z; is then
established as shown in Fig. 5b. The direction cosines of X’
with respect to the fixed coordmate system are ap, B, Yo and
the direction cosines for Y/ and Z’ are determined from the
following relationships

Y’ Vj X )A('

2'=f§'><§'

where V; is the unit vector in the initial jet exhaust direction,
obtained from ¢ and ¥, the jet exhaust angles.

This establishes the co-planar relationship between the
mainstream flow and the jet centerline required by the equa-
tions of motion as formulated in Ref. 6. Initial conditions at
the jet exit are now Z* = 0, X* = 0, U;* = 1, d* = 1 and
dX*/dZ* = [(1 — cos)/cos?0]¥2 where cos§ = V;-Z'.
The geometry of the developing jet and the jet-induced
velocity components can then be computed in this local co-
ordinate system, utilizing the equations developed in Ref. 6.

Computations were carried out for jets at various velocity
ratios and deflection angles. A comparison of computed jet
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centerlines with an empirical equation for jets exhausting at
angles other than 90° to the mainstream is shown in Figs.
6a—6d. They correspond to Figs. 12a, 13a, 14b, and 15a
of Ref. 12. The solid curves represent centerlines computed
for the specified conditions. The broken curves represent the
empirical equation

X/do = [—(U/Uj)%/4 sin?3:1(Z/do)® — Z/dy cotd, (5)

The curves superimposed on the photographs in Figs. 12-15
of Ref. 12 show the fit of this equation. It should be em-

phasized that the broken curves represent an empirical rather

THEORY
©—= — EXPERIMENT (REF 10)
===« EXPERIMENT (REF 11)

Fig. 3 Flat plate pressure distribution around a circular

jet (Un/U = 8.0).

than experimental determination of the centerlines. They are
included in Fig. 6 primarily to aid in orienting the computed
centerlines with respect to the photographs of the jet wakes.
Figure 7 compares computed centerlines for a jet of velocity
ratio 8.32 exhausting at various angles into the mainstream
with test data.® Although agreement between theory and ex-
periment is not as close as might be desirable, it should be
noted that the computations were carried out employing
values of the entrainment coefficients based on correlation
with experimental data shown in Fig. 2. Comparison of the
experimental centerline for the normally exhausting jet of Fig.

e THEORY
e EXPERIMENT (RES 10)

09 =

lFig. 4 Flat plate pressure distribution around a circular
jet (Uj/U = 11.3).
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7 with the test data of Fig. 2a reveals differences which ap-
pear to be inconsistent with the small change in velocity ratio.
In view of these experimental differences for the normally ex-
hausting jet, the correlation for the other deflection angles
shown in Fig. 7 is considered to be adequate.

A further comparison of theory with experiment for jets
exhausting at an angle other than 90° is presented in Fig. 8.
Good agreement of the computed results with the experi-
mental data can again be observed.!?

Figures 9 and 10 show the pressure distributions on a flat
plate around a circular jet (U,o/U = 8.) exhausting at angles
of 60° and 120° into a crossflow. No experimental pressure
determinations around jets exhausting at angles other than
90° to the mainstream were available for comparison.

Multiple Jet Computations

Figure 11 shows the planform of three jet configurations in
relation to the mainstream flow. Arrangements a and ¢
represent limiting cases. The arrangement a allows each of
the two jets to develop independently to the point where the
growth of each jet in the direction normal to the flow causes
them to intersect. The configuration shown in ¢ places the
downstream jet entirely in the zone of influence of the up-

~2 - -G -8 -10-12 -14-16-18

X/dg 2

=2 -4 -G -3 -10-12-1}-1G-18
X/dg

Ujo /U - 8.85
8 300
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a) b)

— Computed

-=~  Empirical (Ref 12)

L2 2t -6 -8-10-12-14-16-15-20 G 4 2 -2 -4 -6 =¥ -10-12-11-16-1x
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]
14]2z/d,
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Fig. 6 Centerlines of jets exhausting into a crossflow at
angles other than 90°,
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Fig. 7 Centerlines of a jet exhausting into a crossflow at
various angles (Uj;/U = 8.32). i

stream jet. The downstream jet is located partially in the
zone of influence of the upstream jet in the arrangement de-
picted in b.

Although Fig. 11 shows the relationship of the jets in the
plane of the jet exits, as an illustration, the determination of
the degree of influence of the upstream jet (JET1) on the
downstream jet (JET2) can be carried out for each increment
of JET1 as shown in the general case, Fig. 12.

Plane L, defined by the mainstream flow vector and the
diameter of JET1, identifies the increment of JET2 influenced
by the increment of JET1. Plane M, which contains the
mainstream flow vector and the local jet velocity vector of
JET1I, is then utilized in conjunction with the diameters of
JET1 and JET2, to establish the extent to which the two
jets overlap. .

The influence of the upstream jet on the downstream jet is
introduced into the computations as a reduced mainstream
velocity in the continuity, momentum and force equations
governing the development of the downstream jet. Equa-
tions (1-3), when applied to the downstream jet, now contain
an effective mainstream velocity U. in place of U where
U, < U. In the present formulation, a linear variation of

U fU=498
o
U U=a00
i
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>
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Fig.8 Centerlines of jets exhausting into a crossflow at an
angle 3; = 60°.
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Fig. 9 Flat plate pressure distribution around a circular
jet (5,‘ = 60°, Ujo/U = 8.0).

U./U with the extent to which the two jets overlap, as de-
termined previously by the intersection of plane M, has been
postulated. It has further been assumed that U.,/U = 1.
when there is no overlap between the two jets, and that
U.,/U = 0 when JET1 overlaps JET2 completely. There
does not appear to be any analytical justification for this
relationship and test data, as it becomes available, will be in-
strumental in its proper definition.

Since the plane M is aligned with the mainstream flow vec-
tor as shown in Fig. 12, the minor axes of JET1 and JET2

0x 08

Cp=-01

Fig. 10 Flat plate pressure distribution around a circular
jet (3; = 120°, Up/U = 8.0).

J. ATRCRAFT

— - ) T e
e g J s
a) b) c)

Fig. 11 Jet exit configurations.

also lie in this plane or a plane parallel to it. When computa-
tions show that there is overlap between the two jets, the
normal distance between the major axes of JET1 and JET2 is
computed. If the sum of the minor semiaxes of JET1 and
JET2 is greater than this distance, intersection is assumed to
have occurred. Initial conditions for the merged jet which
results are determined from continuity and momentum con-
siderations:

‘ AU+ AUj = AsUss (6)
(AUn)Ujie + (AU;9)Ujse = (AsU ;) Ujse M
(AU Ujy + (AU j9)Ujay = (AsUsa)Ussy ®
(AU Uste + (AU Ujae = (A3U) Use 9

where Ai, A;, A3 = area of JET1, JET2 and resulting merged
jet, respectively, and Uj, Ujs, Uj; = jet velocities of JET1,
JET2 and resulting merged jet, respectively.

Initial conditions for the merged jet, in the local coordinate
system centered at the point of intersection of the two jets
(taken to be an average of the coordinates of the centerlines
of JET1 and JET2 at intersection), are Z* = 0, X* = 0,
U* =1,d* = 1, dX*/dZ* = Ujs.'/Ujsr and Ujes/U =
U;s/U. Subscripts 2’ and 2’ denote components in this local
coordinate system.

These initial conditions are employed in integrating the set
of differential equations for U,*, d* and X*. The cross-sec-
tional area of this resultant jet is not circular, as is normally
specified for an exhausting jet, but is assumed to be similar to
the shape of the more developed of the two intersecting jets.

The velocity field induced by a given combination of jets
can be determined by replacing each jet by its representative
sink-doublet distribution. The induced velocity components,
due to each sink-doublet distribution, are additive at every
control point.

Computed centerlines for two jet arrangements of interest
are shown in Figs. 13 and 14. The jets are all identical and
exhaust normally into the crossflow.

The centerlines of two jets located at X = 0.5 and separated
spanwise by three jet exit diameters are shown in Fig. 13.
At Z = —0.35 the entrainment of crossflow fluid into the jets
has caused the major axis of each jet to approach 3dy. This
point, at which the two jets are assumed to merge, and the
centerline of the resulting flow are indicated. The broken

1

1ET2

JETE

) )

Fig. 12 Schematic of jet influence.
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curve, representing the computed centerline of a single jet
located at X = 0.5, is included for comparison.

Figure 14 shows the centerlines of two chordwise distributed
jets located at X = 0.5, X = 0.8. For these computations it
was assumed that the chordwise jet distribution results in the
complete screening of the downstream jet from the crossflow
by the upstream jet (i.e., the downstream jet exhausts into a
quiescent mainstream). At Z = —0.6 entrainment into the
upstream Jet has caused its major axis to increase to 4.4dj,
with a minor semi-axis of 0.55d,. Entrainment into the down-
stream jet has resulted in a major axis of 2.9d,. Since the
trailing jet, exhausting into a quiescent mainstream, retains a

basically circular cross section, its minor semiaxis approaches
1.45ds. As the centerlines of the two jets are two jet exit
diameters apart at this point, the criterion for intersection is
satisfied. The centerline of the subsequent flow is again in-
dicated, as is the centerline of a single jet, located at X = 0.5.

The analytical approach which has been illustrated requires
that the planes defined by the mainstream flow vector and
the jet exhaust vectors of the two jets be parallel. This re-
striction, adopted to simplify computations, in no way limits
the applicability of the basic jet model to other configurations,
while still encompassing most configurations of practical in-
terest. The computational procedure, as illustrated for a two-

0.0 0.8 1.0 1.2 1.4 1.6 1.8 20

0 0.2 0.4
0 T
-0.2
0.4
Fig. 14 Centerlines of 06—
two chordwise distributed
jets exhausting normally Y
into a crossflow. ox

X INITIAL POINT OF MERGED JET

PLANFORM OF JET LOCATION

st = == SINGLE JET CENTERLINE
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Fig. 15 Induced forces on flat plate and delta wing.

jet arrangement, can be applied to configurations involving
more than two jets in a similar manner.

Applications

The basic model and the extensions delineated here are use-
ful in computing flowfields due to jets exhausting into ar-
bitrarily directed mainstreams. )

The jet-induced velocity field may then be employed to ex-
plore the interaction between the given system of exhausting
jets and adjacent supporting structures. Loading on an adja-
cent lifting surface may be predicted by lifting surface theory.

Integration of computed pressure coefficients to obtain total
induced forces in the plane of the jet exit may be utilized in
developing empirical relationships between these induced
forces and moments and the velocity ratio of the exhausting
jet. TFigure 15 shows the computed variation of induced
force on a flat plate around a normally exhausting jet with
velocity ratio. Curves for the two values of the parameter
(8;/8)1/2 are presented, where S; is the jet exit area and S the
portion of the flat plate over which the induced force is evalu-
ated. Good correlation with the experimental data is discern-
ible.** Experimental data on induced forces for delta wings
with similar (S;/8)'/2 values indicate the utility of the model
in estimating forces induced by exhausting jets on finite wings.

J. AIRCRAFT

Conclusions

1) The jet model has proven to be very versatile in extend-
ing it to the treatment of arbitrary jet exhaust angles, ar-
bitrary mainstream flow direction and multiple exhausting
jets. 2) Available test data show good correlation with the
theoretical calculations.
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